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A new theory  for  a fluidized bed is presented  and co r robora ted  by exper imen ta l  data. 

An ascending s t r e a m  of fluid br ings  a bed of solid par t i c les  into a fluidized s ta te  when the r e s i s t a n c e  
to flow pas t  the pa r t i c les  becom es  equal to the i r  weight. With fur ther  expansion of the bed the veloci ty  of 
hindered fall  of the pa r t i c l e s  i n c r e a s e s ,  tending to the f r e e - f a i l  ve loc i ty  of an individual par t ic le  when m 
--* 1. Thus,  the boundary s ta tes  of a fluidized bed a r e  a fixed bed with water  f i l ter ing through it just  p r io r  
to the onset  of f luidizat ion and f r ee - f a l l i ng  par t ic les .  Hence, it is wor th  while examining some  fea tu res  of 
these  boundary s ta tes .  

Plots  of the r e s i s t a n c e  coeff ic ients  of the pa r t i c l e s  agains t  the Reynolds numbers  for  f r ee - f a l l i ng  
pa r t i c l e s  and pa r t i c l e s  in a fixed bed a r e  of the s a m e  nature ,  as  Fig..1.t shows [1, 2]. Fo r  equal va lues  of 

and Reb, ~b b > tp ,  and Re~ > Re ; .  Hence,  the flow in the bed becomes  l amina r  and the f r ic t ion  fo rce  Rep 
i nc r ea se s .  The r e a s o n  for  this is the m o l a r  v i scos i ty  v M [3, 4], due to t r a n s f e r  of momentum between 
m a c r o m a s s e s  of the fluid resu l t ing  f r o m  the f requent  and sha rp  changes in the c r o s s  sec t ions  and veloci t ies  
of the local  flow components  in the bed. This is conf i rmed by the fact  that for  the s a m e  ordinates  on curves  
1 and 2 the ra t io  of the a b s c i s s a s  is v0/VM,$ i .e . ,  

Rep % . . . .  . ( 1 )  
Reb %~, 

Fo r  pa r t i c l e s  in a bed the Reynolds number  cor responding  to the actual  conditions of flow past  them, 
i .e . ,  with v M taken into account,  is  

Re,, = Vbd = 1~% ~ o .  (2) 
~r ~M 

According to the above and f r o m  a compar i son  of expres s ions  (1) and (2) it follows that  when Re M 
= Rep, Sb = Sp, and Re M = Rep, i .e . ,  when the Reynolds  number  for  a par t ic le  in a bed is de te rmined  f r o m  
fo rmula  (2), the re la t ionsh ip  Sb = f ~ e M )  will be the s a m e  as  Sp -- f0Rep). This is  c l ea r ly  i l lus t ra ted  by 
curve  3, obtained by using expres s ion  (2) to conver t  the a b s c i s s a s  of line 2 (the sl ight d i f fe rences  between 
l ines 3 and 1 can be a t t r ibuted to d i f ference  in the gra in  shape and par t ly  to the methods of de termining 
their  d i ame te r  in the expe r imen t s  of Zegzhda and Lomize ,  which a r e  compared  in Fig. 1). 

The cons idered  re la t ionship  can be used to de t e rmine  ~b and Re~ f r o m  the value of Re M and the r e -  
la t ionship ~p = f(Rep) if the s e p a r a t e l y  failing pa r t i c l e s  and par t i c les  in the bed have the s a m e  shape. 

The quanti t ies  i l lus t ra ted  on the graph  a r e  given by the following express ions :  

~dg (pp - -  p). n _ Vpd/ ~dgrn ( p p - - p )  Vb d 
*p= ~ p  ,Kep----;wo *b: 6Vl~ p " Reb- % 

$ In L o m i z e ' s  expe r imen t s  m = 0.37 on the average ,  which co r r e sponds  to v0/VM = 0.04. 
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Fig. 1. Res i s t ance  coeff icients  as  functions of p a r -  
t ic le  Reynolds numbers :  1) Cp = f(Rep); 2) Cb 
= f(Reb); 3) Cb = f(ReM)" 

and the values  of R e ,  a r e  8.07 and 3230. 

The values  of Re~ and Re~ found in this way a l so  r e l a t e  to the s t a r t  of fluidization, which is a l so  
co r robora t ed  by expe r imen ta l  data [10, 11]. For  this instant  the re la t ionship  Cb = f(Reb) co r r e sponds  to 
curve  2 in Fig. 1, and with fu r the r  expansion of the bed and i n c r e a s e  in poros i ty  to m = 1 the cor responding  
curves  lie between curves  1 and 2. Each of these  cu rves  co r r e sponds  to a pa r t i cu la r  value of m and the 
cor responding  re la t ionship  given by fo rmula  (1) st i l l  holds, i .e . ,  for  all  va lues  of m we can de t e rmine  Cb 
f r o m  the re la t ionship  Cp = f0Rep), and convers ion  of the a b s c i s s a s  of these  in t e rmed ia t e  lines by using 
fo rmula  (2) r educes  them to the s a m e  line 3, which is independent of m. 

The value of VM, ReM, and ~b a r e  requi red  for  de te rmina t ion  of the f luidizat ion veloci ty  (or s tabi l i ty  
l imi t  of the bed) and the ve loc i ty  V b. In addition, Vb depends on the so -ca l l ed  equivalent densi ty  of the bed. 
Since this p a r a m e t e r  has been re jec ted  hi ther to  [12], some explanation should be given. 

The weight of unit volume of the fluidized bed is  

Vb = vm + ~pc0 = v p - -  m(Vp - ~) g/cm 3 , (s) 

and the d i f ference  in hydros ta t i c  p r e s s u r e s  over  the height is 

kp = kHVb g/crn z. (6) 

Hence, a par t ic le  in a fluidized bed will be acted on by an upward force  

F =  %w, (7) 

and the weight of the par t ic le  in the bed is 

ob  = ~ ( v ~ , -  ~'~,~. (8) 

The bulk densi ty  of the fluidized bed is de te rmined  with an hyd rome te r  and the hydros ta t ic  heat is 
de te rmined  with a p i e z o m e t e r  in exact  co r respondence  with the above fo rmulas .  

Division of Yb by g gives a provis ional  value of Pb - the densi ty of the he terogeneous  liquid - s o l i d  
par t i c le  sys tem.  Its  provis ional  nature  is due to the imposs ib i l i ty  of t rans i t ion  to an infinitely smal l  volume 
in an inhomogeneous med ium and to some  f luctuat ions of Tb in shor t  per iods  of t ime due to f luctuations in 
par t ic le  concentrat ion.  Hence Pb is called the apparent ,  effect ive,  or  equivalent  density.  Since Tb for 
given p a r a m e t e r s  (Co, yp ,  T) of the fluidized bed has the s a m e  mean  value the use of Pb as a theore t ica l  
quanti ty is pe r fec t ly  sound. 

When Pb (or Tb) is taken into account,  the weight of a spher ica l  solid par t ic le  in a fluidized bed is 

~d a ada 
O b = ~ (pp - -  pb ) g =  g ,'~g (pp-- p). (9) 

The r e s i s t a n c e  to hindered fall  of the par t ic le  is 

G = *bYrd'% (10) 

According to express ions  (1) and (2) 

R *  ~e* % * v--~ . (3) e b = ~  ~ - - =  Rep % 
u 

For  f r ee - f a l l i ng  sand and grave l  the lower 
R e ~ i s  1, and the upper  is 400 [1]. W h e n m =  O.4, 
the ra t io  V M / v o  = 20.2 and, hence, f r o m  fo rmula  
(3) the cor responding  Re~ a r e  20.2 and 8080. Hitherto 
there  has been no theore t ica l  method of de te rmin ing  
these  values ,  and the exper imen ta l ly  obtained [5-9] 
values  (which conf i rm the above calculated values) 
could not be explained. 

If the Reynolds number  of a par t ic le  in the bed 
is de te rmined  f r o m  V0, then 

t~:=Vod mVbd m * "~'~ . . . . .  R e p - - ,  (4) o 
'VO *% ~0 
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Since these fo rces  a re  equal the velocity of hindered fall of the par t ic les  is 

Vb = V /  ~clgm (pp-- p) 
6 a[~oo (11) 

Knowing the limiting value of m at which the fixed bed becomes unstable and fluidization begins, and 
finding ~b b by the method given above, we can find f rom formula (11) the veloci ty Vsl corresponding to this 
instant. We can also use for the same purpose an express ion based on formula (11) 

R e s l -  Vbd --0.72 / - ~ T - r  1 /  ' . _ . ~  , ( 1 2 )  

v~ Y ~ b  

where 

Ar M = g d3m (p p-- P)  . pv~ (13) 

The fundamental difference between these express ions  and those proposed ear l ie r  [13, 14] is the in- 
clusion of the molar  v iscos i ty  of the bed and the res i s tance  coefficient of the part icles.  Since the condition 
for t ransi t ion to the fluidization state is the equality of the res i s tance  of the part icles  to their  weight, then 
any other express ion  for Res l  not involving the coefficient ~bb, which depends on ReM and on the shape of 
the par t ic les ,  can be used only in a special  case where the conditions of the par t icular  experiment a re  con- 
fined within a nar row range. 

For  a laminar  reg ime of hindered fall of the par t ic les  

3n 3gv M 3atnv M (14) 
~bb= Re x =  Vb h == Vo d 

Substituting express ion  (14) in (11), we obtain for this reg ime formulas  for the velocit ies of hindered 
fall of par t ic les  in the fluidized bed: 

Vb = dnmg (Pp - -  P) , (15) 
18Or M 

Vo= d2m~g(PP~P) (16) 
18pv M 

The ra t ios  of V b and V 0 to the f ree- fa l l  velocity of the individual par t ic les  compris ing the fluidized 
bed for the laminar  reg ime a re  

V__ k = .  m% 
- -  , ( 1 7 )  

Vp v M 

V o //7,2~o 
- -  = - -  ( 1 8 )  
Vp ~?M 

A compar ison  (Fig. 2) of the resu l t s  of calculation f rom formulas  (14)-(18) with the experimental  
data of [12, 15] shows a quite sa t i s fac tory  agreement .  

These formulas  can be used to determine V b or  V 0 for any expansion of the bed f rom the known par -  
t icle pa ramete r s  (d, ,/p, Vp) and f rom m in the case  of a laminar  regime.  When m is determined f rom V b 
the relat ionship Vb/V p = mv0/VM = f(m), shown in Fig. 2, should be used. 

For  a laminar  reg ime we obtain f rom formula (15) 

Resl----- Vb--~d = Re b % = ArM =0.056Ar•. (19) 
~'r~ ~ 1 8  

In the case of a turbulent se l f - s imi la r  reg ime of hindered fall Cb becomes constant for par t ic les  of 
a given shape, i r respec t ive  of the expansion of the bed, including m = 1, and the moment  of onset of fluid- 
ization [10, 16]. Hence, the values of Cb and ~bp for this reg ime a re  equal and, according to formula (11), 

V_~b = mO.~, (20) 
Vp 
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Fig. 2. 1) Dependence of V0/V p on m f rom formula  (18) and f rom 
exper iments  of Richardson  and Zaki (black points) and Mints (white 
points); 2) dependence of Vb/Vp = mvo/v  M on porosi ty  of bed. 

Fig. 3. Dependence of r on 0~p: 1) for spheres;  2) for sand and 
gravel.  

v~ 
- -  = m l ' s .  ( 2 1 )  vp 

In a fluidized bed expanding f rom msl  to m = 1 Vb, Reb, Re0, and Re M vary  continuously. As a r e -  
sult, the res i s t ance  coefficient Sb changes continuously in laminar  and transi t ional  reg imes  even for pa r -  
t icles of the same size,  density, and shape. The relat ive simplici ty of the relat ionship between r and 
Rep in the case  of laminar  flow allowed us to use vM and Re M to obtain analytical  express ions  of the r e l a -  
tionships (14)-(18) for  a fluidized bed. In the case of a t ransi t ional  reg ime the relat ionship between r and 
Rep is of a complex nature and is different for par t ic les  of different shape. In addition, in fluidized bed 
conditions we need to find for each new value of m the corresponding values of Re b and Sb" Hence, for 
calculation of a fluidized bed in the t ransi t ional  reg ime the above-discussed  method involving the re la t ion-  
ship Sp = f(Rep) is the only possible one for par t ic les  of a par t icular  shape. It is also neces sa ry  to use as 
auxi l iary quantities the Lyashchenko number [17] for a f ree- fa l l ing  part icle  and for a part icle  in a fluidized 
bed 

Jip= Rep~p-  V~d2 ~d~g (PP-- P) 2 7 ~ P= 0.52Arp, (22) 
Vo 6pro 2 

V~ d2 a~dagrn (PP__-7 P) 
JI b = Re~ ~b = - - 7 - -  ~b = 0.52Ar~. (23) 

vM 6p,~ 

The ra t io  of these numbers  is 

oI  b = m ~  . 
2 (24) Tip vM 

Knowing gI p, m, and VM, we find the value of Jib, and then f rom Fig. 3 we determine the c o r r e -  
sponding value of Cb, which enables us to calculate V b f rom formula  (11). The graph can easi ly be con-  
s tructed if we have the relat ionship Cp = f(Rep) for par t ic les  of the given shape. It should be noted that a t -  
tempts  to use the part icle  shape factor  in such calculations do not help to solve the problem. The value of 
this fac tor  is determined experimental ly  and less  accura te ly  than #p, and the effect of the shape of the par -  
t icle on Cp depends in a ve ry  complicated manner  on Rep. In the case of a fluidized bed there  is a fur ther  
complicat ion due to the dependence on m. The whole procedure  is far  more  difficult and less accura te  than 
d i rec t  determinat ion of ~p and can only be of i l lus t ra t ive value. 
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T A B L E  1. R e g i m e s  of F l u i d i z e d  Bed of S p h e r e s  in  R e l a t i o n  to R e p  and 
m 

Rep 

<1 

1--110 

110-- 
1500 

1500-- 
38000 

>38000 

*p 

>9,42 

9,42-- 
0,364 

0,364-- 
0,16 

0,16 

0,16 

~b Vb/V p ] R% Re b Reo 

>6000 

6000-- 
9,42 

0,026 

0,026-- 
0,13 

0,13-- 
0,3 

0,3-- 
0,65 

0,65 

9,42-- 
0,76 

0,76-- 
0,16 

0,16 

~Or ~ m:0,43 

<0,001 

),0016- 
l,O 

--27,3 

27,3-- 
1500 

> 1500 

<0,026 

0,026-- 
16,5 

16,5-- 
450 

450-- 
24750 

>24750 

=0,0112 

0,0112- 
7,1 

193-- 
10700 

> 10700 

: Regime of 
fluidized bed 

!Laminar, m=0.43-1.0 

Laminar for m=0. 43, 
transitional for m=m x, 
rex= f(Re p ) 

Transitional, m=0.43 
-1.0 

Transitional for m 
=0.43, turbulent for 
m=m x, mx=f(Re p) 

Turbulent, m 
=0.43-1.0 

T A B L E  2. R e g i m e s  of F l u i d i z e d  Bed of Sand and G r a v e l  in Re la t ion  
to Rep and m 

Rep 9p 

<1 

1--155 

155--400 

400-- 
12700 

>12700 

>9,42 

9,42-- 
0,74 

0,74-- 
0,63 

0,63 

*b 

0,02 <0,001 >10000 

10000-- 
9,42 

9,42-- 
2,76 

2,76-- 
0,63 

0,63 

0,02-- 
0,177 

0,177-- 
0,3 

0,3-- 
0,63 

Re M Re b Reo 

for m~0.4 

<0,02 <0,008 

0,001--1,0 0'02--20 t ),008--8 

t,0--B,0 20--120" 8--48 

6--400 I12011110 48--3200>3200 

t 

Regime of 
fluidized 

Laminar, 
m=0.4-L 0 

Laminar for m 
= 0. 4, transitional 
for m=mx, m x 
= f(Rep) 
Transitional, 

0,63 0,63 >400 

m=0.4-1. 0 

Transitional for 
m = 0. 4, turbulent 
for m=mx, m x ]=f(~p) 
i Turbulent, 
m=O. 4-L 0 

A simple comparison of the experimentally and theoretically obtained values of Reg and Re*_ given p 
above indicates that as the bed expands from msl to m = 1 the regime of hindered fall of the particles can 
vary. For instance, with Re b = 20 at the start of fluidization of a bed of sand (at m = 0.4) the regime of the 
bed is laminar, but a further increase in m leads to a transitional regime due to the increase in V b and 
Re b. Hence, it  is quite obvious that the regime of a fluidized bed must be determined theoretically by 
comparing ReM, found from formula (2), with the lower and upper Re~. It can also be done by finding ~b 
from Re M and from the graph of the relationship ~p = f(Rep), on which the boundaries of the regimes can 
be seen. Calculations were made by these methods and Tables 1 and 2, characterizing the different regimes 
of the fluidized bed in relation to Rep, Reb, and m, were compiled. 

The data given in the tables shows that maintenance of the same regime at all values of m is a special 
case  of the fluidized state. Such data are of very great importance for determination of the parameters and 
technological properties of a fluidized bed. 

Resistance to the motion of the fluid in a fluidized bed can be determined from the following expres- 
sion: 

?coLdh = - -  Rds (25) 

dh R R 
- - -  = i (26)  

ds ycoL ymL 
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i.e., 
We take R equal to the sum of the res i s t ances  of the bed par t ic les  to the flow of fluid past them, 

R = nR b = n,bY{d2p. 

Substituting express ion  (27) and n = 6C0/Trd 3 in formula  (26) we obtain 

6Co,~byf, 
adam 

Replacing V b by formula  (11), we find 

(27) 

(28) 

i ~ C o pp -  p (29) 
P 

Express ions  (28) and (29) a re  valid for any regime of motion of the fluid in a fluidized bed [18], 
and the f i rs t  of them is also applicable to a fixed bed. 

Putting i f rom formula  (29) in express ion (15) we obtain for the laminar  regime 

Vb-- d2mg (pp ~ p) d~mgi (30) 
18VMp !8C o v ~  ' 

i.e.,  a c lear  l inear relat ionship between the velocity and hydraulic gradient. 

Putting i in express ion  (11) we obtain 

vb~ lJ/-~dgrni (31) 
V 6Co~ b " 

This expression,  which is common for all r eg imes  with r = const, gives a square - law relat ionship be-  
tween i and Vb, which is cha rac te r i s t i c  of a turbulent regime.  Formulas  (30) and (31) a re  analogous to 
the relat ionships obtained for a flow of fluid in a fixed granular  bed [19] on the basis of the considered 
physical  scheme of the effect in re lat ion to VM, ReM, and Cb = f(Reb). 

N O T A T I O N  

the Reynolds number of individual f ree- fa l l ing  solid part icle;  
the Reynolds number of part icle  in fiuidized or fixed bed; 
the res i s t ance  coefficient of individual f ree- fa l l ing  part icle;  
the d iameter  of solid part icle;  
the acce le ra t ion  of gravity;  
the density of solid part icle;  
the densi ty of fluid; 
the f ree- fa l l  veloci ty of solid part icle;  
the kinematic v i scos i ty  of fluid; 
the res i s t ance  coefficient of par t ic le  in fluidized or  fixed bed; 
the porosi ty  of bed; 
the velocity of flow of fluid in pores of bed (velocity of hindered fall of part icle);  
the cr i t ica l  Reynolds number of individual f ree- fa l l ing  part icle;  

the cr i t ica l  Reynolds number of part icle  in bed; 
the molar  kinematic viscosi ty ;  
the Reynolds number  of solid part icle  in bed, determined f rom molar  v iscos i ty  uM; 
the cr i t ica l  value of ReM; 
the cr i t ical  Reynolds number determined f rom velocity V 0 and v iscos i ty  u0; 
the veloci ty of fluid r e fe r r ed  to whole c ros s - sec t iona l  a rea  of bed; 
the weight of unit volume of fluidized bed; 
the weight of unit volume of fluid; 
the volume concentrat ion of solid par t ic les  in bed; 
the difference of hydrostat ic  p re s su res ;  
the increment  of height in bed; 
the hydrostat ic  upthrust  acting on solid part icle  in fluidized bed; 
the volume of solid part icle;  

Rep 

Re b 

Cp 
d 
g 

Pp 
P 
Vp 

vo 
Cb 
m 
Vb 
Re; 
Re~ 
VM 
ReM 
~e~ 
Re~ 
Vo 

"/b 
,g 

Co 
~p 
Att 
F 
W 

is 
is 
is 
iS 
lS 
lS 
18 

IS 
iS 
1S 
iS 
is 
is 

is 
is 
is 
is 
is 
1s 
is 
1S 
1s 
1s 
IS 
ls 
1s 
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Gb 
Rb 
Pb 
Res l  

Ar  M 
JIp 
Jib 
Arp  

m s l  
~0 

L 
dh 
R 
i 
n 

m x 

is  the weight of pa r t i c le  in bed; 
is the r e s i s t a n c e  to hindered fall  of par t ic le ;  
is the equivalent  densi ty  of he te rogeneous  s y s t e m  in fluidized bed; 
is  the Reynolds  number  cor responding  to s tabi l i ty  l imit  of bed at onset  of fluidization, calculated 
f r o m  VM and Vb; 
is  the A r c h i m e d e s  number  of par t ic le  in bed with m and v M taken into account; 
~s the 
is the 
~s the 
IS the 
is  the 
is the 
is the 
~s the 
is the 
is the 
is the 

Lyashchenko number  of f r ee - f a l l i ng  par t ic le ;  
Lyashchenko number  of par t ic le  in fluidized bed; 
A r c h i m e d e s  number  of f r ee - f a l l i ng  par t ic le ;  
poros i ty  cor responding  to s tabi l i ty  l imi t  of bed; 
c r o s s - s e c t i o n a l  a r e a  of fluid flow in pores  of unit volume of bed; 
length of unit vo lume of bed; 
head in bed requ i red  for  movemen t  of volume of fluid wL through dis tance ds; 
r e s i s t a n c e  to mot ion of fluid; 
hydraul ic  gradient  in bed; 
number  of solid pa r t i c les  per  unit volume of bed; 
value of poros i ty  m at  which hydraul ic  r e g i m e  of bed changes.  
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